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^3 ■ Abstract 

> . 

We consider local "complementary" generalized Morrey spaces M.{ XQ \ (^) in which 
the p -means of function are controlled over Q\B(xo,r) instead of B(xo,r) , where 
O C K" is a bounded open set, p{x) is a variable exponent, and no monotonicity type 
^ ■ conditio is imposed onto the function uj(r) denning the "complementary" Morrey-type 

norm. In the case where ui is a power function, we reveal the relation of these spaces to 
iy-j | weighted Lebesgue spaces. In the general case we prove the boundedness of the Hardy- 

l/"") 1 Littlewood maximal operator and Calderon-Zygmund singular operators with standard ker- 

nel, in such spaces. We also prove a Sobolev type <M-{ X q} (CI) — > ■M-{ xo } (^) -theorem 
for the potential operators J a W, also of variable order. In all the cases the conditions for 
the boundedness are given it terms of Zygmund-type integral inequalities on uj(r) , which 
do not assume any assumption on monotonicity of ui(r) . 
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1 Introduction 

In the study of local properties of solutions to of partial differential equations, together with 
weighted Lebesgue spaces, Morrey spaces £ p,A (IR n ) play an important role, see [fT6l . Intro- 
duced by C. Morrey [j30| in 1938, they are defined by the norm 

\\f\\ £P ,x := sup r~p\\f\\ LP{B (x,r)), (1.1) 

x, r>0 

where < A < n, 1 < p < oo. 
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We refer in particular to 11281 for the classical Morrey spaces. As is known, last two decades 
there is an increasing interest to the study of variable exponent spaces and operators with vari- 
able parameters in such spaces, we refer for instance to the surveying papers lfT3ll . |[24|. [|26l . 
Il37l and the recent book |[TT| on the progress in this field, see also references therein. 

The spaces defined by the norm (11.11) are sometimes called global Morrey spaces, in contrast 
to local Morrey spaces defined by the norm 

:=supr~*||/||£P(B (a , , r )). (1.2) 

i x 0t r>0 

Variable exponent Morrey spaces £ p (')' A (')(f2) , were introduced and studied in [|2l and ||32l 
in the Euclidean setting and in E51 in the setting of metric measure spaces, in case of bounded 
sets Q . In [0 there was proved the boundedness of the maximal operator in variable expo- 
nent Morrey spaces £ p( ')' A( ) (f]) and a Sobolev-Adams type £*>(•),*(•) _ >. -theorem for 
potential operators of variable order a(x) . In the case of constant a , there was also proved 
the £p( )' a ( ) -> BMO -boundedness in the limiting case p(x) = n ~* {x) . In (32l the maximal 
operator and potential operators were considered in a somewhat more general space, but under 
more restrictive conditions on p{x) . P. Hasto in 11231 used his "local-to-global" approach to 
extend the result of on the maximal operator to the case of the whole space W l . 

In [|25l there was proved the boundedness of the maximal operator and the singular integral 
operator in variable exponent Morrey spaces £p( )> A ( ) in the general setting of metric measure 
spaces. In the case of constant p and A , the results on the boundedness of potential operators 
and classical Calderon-Zygmund singular operators go back to [1] and ll35l . respectively, while 
the boundedness of the maximal operator in the Euclidean setting was proved in ||9); for further 
results in the case of constant p and A see for instance [J5j — 10. 

In [|2TT| we studied the boundedness of the classical integral operators in the generalized 
variable exponent Morrey spaces Ai^'^^) over an open bounded set ficK" Generalized 
Morrey spaces of such a kind in the case of constant p , with the norm (11.11) replaced by 



CPlV := SUp —r-r\\f\\LP(B(x,r))i (1-3) 



T v 

x, r>0 <p{r) 

under some assumptions on tp were studied in lfT5l . Il29l , OTTl . Il33l . Il34l . Results of ETI were 
extended in [|22l to the case of the generalized Morrey spaces Ai 13 ^' 6 ^'^^) (where the 
L°° -norm in r in the definition of the Morrey space is replaced by the Lebesgue L e -norm), 
we refer to for such spaces in the case of constant exponents. 

In ifTTl (see, also lfT8l ) there were introduced and studied local "complementary" general- 
ized Morrey spaces Ai^ xo y(Q), fl C M n , with constant p G [l,oo) , the space of all functions 
/ G Lf oc (f2\{x }) with the finite norm 

n 

r p 7 



c <;>^ =s ,>s^) ll/llLp( ^ o ' r)) - 

For the particular case when cu is a power function ( [fTVll . lfT8l ). see also |[T9ll2"0l0 . we find 
it convenient to keep the traditional notation £{ Xa } \Sv f° r me s P ace defined by the norm 

A 

C p,A = SUpr^ /||LP(Rn\B(a!o,r)) < 00, X G fl, < A < 71 (1.4) 

^o} (!!) r>0 
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C Pi-* 1 C n-\ 

Obviously, we recover the space C^ Xo y(u) from M{ Xo }(Q) under the choice uo(r) = r~^~ . 

In contrast to the Morrey space, where one measures the regularity of a function / near the 
point xo (in the case of local Morrey spaces) and near all points x E f2 (in the case of global 
Morrey spaces), the norm (11.41) is aimed to measure a "bad" behaviour of / near the point x 
in terms of the possible growth of ||/||i>(Q\B(a; ,r)) as r ~~ ► . Correspondingly, one admits 
ip(0) = in <Q and w(0) = oo in (Ob . 

C p(-),cj 

In this paper we consider local "complementary" generalized Morrey spaces -M{ Xo } (fi) 
with variable exponent p(-) , see Definition 14.11 However, we start with the case of con- 
stant p and in this case reveal an intimate connection of the complementary spaces with 
weighted Lebesgue spaces. In the case where co(r) is a power function, we show that the 

space G Cf XQ ->(Q) is embedded between the weighted space L p (Q,\x — x \ x( - p ~^) and its weak 
version, but does not coincide with either of them, which elucidates the nature of these spaces. 

In the general case, for the spaces ■M.i Xf) \ (U) over bounded sets O C K™ we consider 
the following operators: 
1) the Hardy-Littlewood maximal operator 

M/(x) = sup ,„/ „ / \f(y)\dy 

r>0 



2) variable order potential type operators 

r^f(x) 



\B(x,r) i 

B(x,r) 



f{y) dy 



I /£ y I n—a(x) ' 



3) variable order fractional maximal operator 

M°('>/(s) = sup 1 nW / \f(y)\dy, 

r>0 \B X. r) 1 n y 



■B(x,r) 



where < inf a(x) < sup a(x) < n , and 
4) Calderon-Zygmund type singular operator 



Tf(x)= / K(x,y)f(y)dy 



with a "standard" singular kernel in the sense of R.Coifman and Y.Meyer, see for instance Ifl4l . 
p. 99. 

We find conditions on the pair of functions ui\{r) and ^(r) for the p(-) — > p(-) - 
boundedness of the operators M and T from a variable exponent local "complementary" gen- 
eralized Morrey space C -M P ijA into another one C A^|^| 2 (fi) , and for the corresponding 
Sobolev p(-) —7- q(-) -boundedness for the potential operators I at -'\ under the log-condition 
on p(-) . 

The paper is organized as follows. 
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In Section [2] we start with the case of the spaces C/ Xo y(D,) with constant p and show 
their relation to the weighted Lebesgue space L P (Q, \ X — Xq 

I-Hp i)\ j^q main statements are 
given in Theorems 12. II and 12.31 In Section [3] we provide necessary preliminaries on variable 
exponent Lebesgue and Morrey spaces. In Section |4] we introduce the local "complementary" 
generalized Morrey spaces with variable exponents and recall some facts known for generalized 
Morrey spaces with constant p . In Section[5]we deal with the maximal operator, while potential 
operators are studied in Section[6l In Section[7]we treat Calderon-Zygmund singular operators. 

The main results are given in Theorems 15 .21 16.21 and 17.21 We emphasize that the results we 
obtain for generalized Morrey spaces are new even in the case when p(x) is constant, because 
we do not impose any monotonicity type condition on cu(r). 



Notation: 

]R n is the n -dimensional Euclidean space, 

Cl C R" is an open set, i = diam f2 ; 

Xe(x) is the characteristic function of a set £C1"; 

B(x, r) = {y e R n :\x-y\< r}), B(x, r) = B(x, r)nQ; 

by c , C, ci, c 2 etc, we denote various absolute positive constants, which may have different 
values even in the same line. 



C 

2 Relations of the "complementary" Morrey spaces £{ XQ } (£2) 
with weighted Lebesgue spaces; the case of constant p 

We use the standard notation L p (f2, g) — {/ : J n g(y)\f(y)\ p dy < 00} , where g is a weight 
function. For the space ^j^} (^) defined in (11.41 ), the following statement holds. 

Theorem 2.1. Let Q be a bounded open set, 1 < p < 00, < A < n and A > i . Then 



L p (tt, \y - Xq 



|A(P-1)^ 



( 



e>0 



n. 



V 



\y-x \ x(p ~ l) ' 

'a \ !+ e 

\y-xo\ ) J 



(2.1) 



where both the embeddings are strict, with the counterexamples f(x) 

. . InAn- 



n 1 A 

\x-x \ p 7 



and 



9{x) 



+ - 



B > 



|a;-a;o| p p 



fe Y^ity, but f<£W(n,\y-x 



A(p-1)> 



and 



9 ef]L p 

£>0 



n. 



\y - xo 



A(p-l) 



\ 



\V-3>0\ ) / 



1+e 



but g i C C P { x o} (ty. 
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Proof. 

1 °. The left-hand side embedding. 

Denote v = X(p — 1). For all < r < t we have 

b-^on/(y)| p ^V >( f \y-x o nf(y)\ P dy) P >r? ( f \f(y)\ p dy) 

J \Jn\B{x ,r) J \Jn\B{x ,r) J 

(2.2) 

A 



Thus II/IIlp^Iw-soI") > r7 \\f\\Lpn\B(x ,r)) and then 

\\f\\LP(n,\y-x \») > ll/H C p.a • 

2 °. 77?e right-hand side embedding. 
We take x = for simplicity and denote iu e (|f/|) = ) y]> j-ter ■ We have 

yl d 



f \f(y)\ p w £ (\y\)dy= f |/(y)|* / " ^-«; e ( S )d S I dy, (2.3) 

JB(x ,t) JB(x ,t) \Jo as I 



with 



Therefore, 



/(t) = fA(p-D-l 



A(p-1) (1 + e 



+ 



(lnf) 1+£ (lnf) 2+£ 



> 0. 



/ = /"«£(*) f f \f(y)\ p dy] ds < 

JB(x ,t) Jo \J {yen-.s<\x -y\<t} J 



< / <(s)\\f\\ p T , n , s , „ds.<\\f\\ p « PtU / s^-^w'Mds 
where the last integral converges when e > since s x ( p ~^w' (s) < — — ° . 1+£ . This completes 

n ln Tj 

the proof. □ 
5 °. The strictness of the embeddings. 



Calculations for the function / are obvious. In case of the function g , take x = for 



simplicity and denote w e (|x|) 



\x\ x (P~V 



111 



A 



. We have 



p 

LP(fl,w E ) 



^Mlnf,) f ln p (lnf) 

:dx < C / K -^-dt < oo 



n \x\ n In A 



l+£ 



o 



for every £ > 0. However, for small r e (0, |) , where 5 = dist(Q, <9f2) , we obtain 



/ 



^ ||/||LP(n\B(0,r)) 



r 



A(n-l) 



Inking) 



x&Q: |x|>r 



/ 



> 



-A(p-l) 



ln p ( In -A ) dx 



A 



\j,\n+\(p—l) 



But 

s 



ceQ: r<|x|<5 



2r 



r 



A(p-1) isn- 



hn p (lnf) dt 



t i+x(p-i) 



ln p (lnf)di^ /" ln p (in f ) dt 



t l+X(p-l) 



In — 

2r 



2r 



dt 



t l+X(p-l) 



B 



Cln p In- r"^ 1 ), 



so that 



f" 7 ||/||Lp(n\B(o,r)) > Cln In 



B 

2r 



— >• oo as r — > 0, 



which completes the proof of the lemma. 



Remark 2.2. The arguments similar to those in (12.21) show that the left-hand side embedding 



in (12.11) may be extended to the case of more general spaces M.^ x ^{Vt) : 



Z7(fi,p(|y-x |)W °>C}(^ 



where p is a positive increasing (or almost increasing) function such that inf p ^(fJ(-} > 0. 

r>0 r 



C„P> A 



The next theorem shows that the space Cf XQ y(Q) is also embedded between that weighted 



space IP(£l, \y — xo| A( - p ^) and its weak version wL p {Vt 
by the norm 



A(p-m _ The latter is defined 



wLPCn.ly-xol*^- 1 )) = SUDt G : |/(z)| > t}]p < 00. 



where fi(E) = f \y — x | A(p ^rfy. 

Theorem 2.3. Let Q be a bounded domain and 1 < p < oo, < A < n . Then 



(2.4) 



Proof. By Lemma [2T1 we only have to prove the right-hand side embedding. Let x = 
We have 

/ 



wLPfnM^P- 1 )) — SU P 
t>0 



t p 



|x| A(p - 1} dx 



\ x£U: \f(x)\>t 

It suffices to estimate this norm only for small \x\ < 5, 5 = dist(0, dtt) , since the embedding 



c„p> a 



'£ {0} (n\B (0, 5)) ^ L p (Q\B (0, 5) , ivi^) ^ ^ (0, 5) , M^- 1 )) 
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is obvious. We obtain 



sup t p 

t>0 



la^- 1 ) dx = supt p 

t>0 



X\ p \\J\\LP(a\B(0,\x\)) 



xeB(0,8): \f(x)\>t 



I \f(y)\ p dy 

x£B(0,S): \f(x)\>t n\B(0,\x\) 



dx 



Hence 



wL-P{U,\y\^v-r)) < 11/11 c P ,A 



dx 



V' 



\B(0,5) 



|fi\S(0, |x| 



< 



( WM y 
\P\b(o,8)\ 



n p, X 



which proves the lemma. 



□ 



3 Preliminaries on variable exponent Lebesgue and Morrey 
spaces 

We refer to the book ifTTI for variable exponent Lebesgue spaces but give some basic definitions 
and facts. Let p(-) be a measurable function on O with values in [l,oo) . An open set f2 is 
assumed to be bounded throughout the whole paper. We mainly suppose that 

1 < P- < p(x) < p+ < oo, (3.1) 
where j>_ := ess infp(x), p + := ess sup we denote the space of all mea- 

surable functions f(x) on f2 such that 

W/)= / l/(aOl p(a °ds<°o. 

Equipped with the norm 

ll/lk)=mf{^>0: J p( .) (£)<*}, 

this is a Banach function space. By = p (x)-i ' x e ^' we denote the conjugate exponent. 

By H^L(fi) (weak Lipschitz) we denote the class of functions defined on f2 satisfying the 
log-condition 

A 1 

|p(x) -p(y)\ < — —. \x -y\ < - x,y efl, (3.2) 

— In | x — y | 2 

where A = > does not depend on x,y . 

Theorem 3.1. (/fiOl/) Lef Q C R n £e an open bounded set and p G WL(fi) satisfy 
condition (13.11) . 77?en ?/ze maximal operator M is bounded in L P ^{VL) . 

The following theorem was proved in [|36ll under the condition that the maximal operator is 
bounded in L p ^ (fi) , which became an unconditional result after the result of Theorem l3.1[ 
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Theorem 3.2. Let SlcK" be bounded, p,a6 WL(Q) satisfy assumption (13.11) and the 
conditions 

inf a(x) > 0, sup a(x)p(x) < n. (3.3) 

Then the operator I a U is bounded from L p ^(n) to L'W(fi) wzY/z = - ^M. 

Singular operators within the framework of the spaces with variable exponents were studied 
in lfT2ll . From Theorem 4.8 and Remark 4.6 of lfT2l and the known results on the boundedness of 
the maximal operator, we have the following statement, which is formulated below for our goals 
for a bounded Cl , but valid for an arbitrary open set Cl under the corresponding condition on 
p(x) at infinity. 

Theorem 3.3. (71721/ ) Let fl C M n be a bounded open set and p G WL{Vt) satisfy condi- 
tion (I3.ll ). Then the singular integral operator T is bounded in L p ^\Vt) . 

The estimate provided by the following lemma (see 1136*11 , Corollary to Lemma 3.22) is cru- 
cial for our further proofs. 

Lemma 3.4. Let Q be a bounded domain and p satisfy the condition (13.21) and 1 < p- < 

p(x) < p + < oo . Let also sup x6Q v(x) < oo and sup xen [n + u(x)p(x)] < . Then 

\\\ x ~ '\ v( - x) X n \B{ x ,r)(-)\U-) ^ Cr" (x)+ ^, xen,0<r<i = diamU, (3.4) 
where C does not depend on x and r . 

Let X(x) be a measurable function on f2 with values in [0,n] . The variable Morrey space 
£?>(•)>*(■) (Q) introduced in [O, is defined as the set of integrable functions / on f2 with the 
finite norm 

\\f\\cp()M-)(n) = sup t *) Wfxmxt) II LP(-)(n)- 
The following statements are known. 

Theorem 3.5. (/[2]/j Let Q be bounded and p G WL[Tl) satisfy condition (13.11 ) and let 
a measurable function X satisfy the conditions < X(x), sup x6C X(x) < n. Then the 
maximal operator M is bounded in C p ^' x( - ''(fi) . 

Theorem 13 .51 was extended to unbounded domains in [23]. Note that the boundedness of the 
maximal operator in Morrey spaces with variable p(x) was studied in [[231 in the more general 
setting of quasimetric measure spaces. 

The known statements for the potential operators read as follows. 

Theorem 3.6. f/[2]/; Spanne-type result). Let Q be bounded, p,a G WL(Q) and p satisfy 
condition (|3.1I) . Let also X(x) > , the conditions (13.31) be fulfilled and -j-t = — 

Then the operator I a U is bounded from to C q ^^{Tt) , where = 

Theorem 3.7. (ft2§; Adams-type result). Let Q be bounded, p,a G WL(VL) and p satisfy 
condition (I3.ll ). Let also X(x) > and the conditions 

inf a(x) > 0, sup[A(x) + a(x)p(x)] < n (3.5) 
' xcn 
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hold. Then the operator is bounded from J0, P ^' X ^(Q) to C q (W(n) , where ^ = 

_J a 

p(x) n—X(x) ' 



4 Variable exponent local "complementary" generalized Mor- 
rey spaces 

Everywhere in the sequel the functions u(r), Ui(r) and Ui{r) used in the body of the paper, 
are non-negative measurable function on (0, 1) , I — diam f2 . Without loss of generality we 
may assume that they are bounded beyond any small neighbourhood (0, 5) of the origin. 

The local generalized Morrey space M p ^'y(il) and global generalized Morrey spaces 
M?( with variable exponent are defined (see EQ) by the norms 



f P(a-'o) 
_ n 

M pU, u = SUp - \\f\\LP{-)(B(x,r))' 

where x E Vt and 1 < p(x) < p + < oo for all x E fi. 

We find it convenient to introduce the variable exponent version of the local "complemen- 
tary" space as follows (compare with (11.41) ). 



Definition 4.1. Let xo E Q , 1 < p(x) < p + < oo . The variable exponent generalized 

C p(-),LU 

local "complementary" Morrey space M.{ Xo \ (") is defined by the norm 



Similarly to the notation in (11.41) . we introduce the following particular case of the space 
°.M{2o} (P)> defined by the norm 

A 

11/11 c-p(-).\ n , = supr^||/|| £ p(.)(n\B( a! o,r)) < 00 > x G fi, < A < n (4.1) 

^{sp} i") r>0 

Everywhere in the sequel we assume that 



sup — — — < oo, t = diam fi, (4.2) 

0<r <^ w(r) 

which makes the space G .Mj a . ( A (Q) non-trivial, since it contains L P ^(Q) in this case. 
Remark 4.2. Suppose that 



inf — — — > 

8<r<i Lo(r) 



for every S > 0. Then 



c mS» ~ 11 J 11 c mS>>(*o,5)) ^ 11 J N^-Hn\fl(xo,«)) 
(with the constants in the above equivalence depending on 5 ). Since 5 > is arbitrarily 

small, the space -M{ xo } (") may be interpreted as the space of functions whose restrictions 
onto an arbitrarily small neighbourhood B(xo,S) are in local "complementary" Morrey space 

G A^{ X() | (B(xo,S)) with the exponent p(-) close to the constant value p(x ) and the restric- 
tions onto the exterior Q\B(xq, 5) are in the variable exponent Lebesgue space L p ^ . 



If also inf r -^f^ > , then IVfc f (fi) = L"W(j}) . Therefore, to guarantee that the 

"complementary" space -M{ Xo } (^) is strictly larger than L pi -''(Q), one should be interested 
in the cases where 

n 

lim — — = 0. (4.3) 

r^O u)(r) 

C p(-),cj 

Clearly, the space M-i Xo \ (fi) may contain functions with a non-integrable singularity at 

C p(-),w 

the point x , if no additional assumptions are introduced. To study the operators in M-{ xo } (") , 
we need its embedding into L 1 (fi). Corollary below shows that the Dini condition on u is 
sufficient for such an embedding. 

Lemma 4.3. Let f G L p ^(n\B(x , s)) for every s G (0.£) and 7 G R. Then 

\y-xtf\f{y)\dy<C f s^^r 1 ^ ~ ds (4.4) 

'B(x ,t) JO 

for every t G (0, £), where C does not depend on f,t and x . 

Proof. We use the following trick, where the parameter (3 > which will be chosen later: 

r r ( r\xo-v\ \ 

/ \y-xtf\f{y)\dy = p \x - y\^\f(y) | / s^ 1 ds)dy (4.5) 

J B(x ,t) J B(x ,t) \J0 J 

= (3 /V 1 ( [ \x -y\^\f(y)\dy)ds. 

JO \J {yeSl:s<\x -y\<t} J 

Hence 

\f(y)\dy <C f s?- 1 \\f\\ LP (. ){ a\B(x , s )) \\\ x o ~ y\^\\Lp'i-)(u\S(x ,s)) ds - 

B(x ,t) JO 

Now we make use of Lemma l3~4l which is possible if we choose (3 > max ^0, ^- + 7 j and 
then arrive at (1441). □ 



Corollary 4.4. The following embeddings hold 



L^i^^'M^y^^L'iQ) (4.6) 
10 



where the left-hand side embedding is guaranteed by the condition (14.21) and the right-hand side 
one by the condition 

i 

u(r) dr 



r 



< oo. (4.7) 



o 



Proof. The statement for the left-hand side embedding is obvious. The right-hand side 
follows from Lemma 1431 with 7 = and the inequality 

□ 

Remark 4.5. Note that similarly to the arguments in the proof of Corollary 14.41 we can see 

^ p( ) <*> 

that the condition J u;(r)r 7_1 <ir < 00, 7 e R, guarantees the embedding -Mr^i (f2) 



L 1 (f2, 1 y — x | 7 ) into the weighted space; note that only the values 7 > —n/p'(x ) may be 
of interest for us, because the above condition with 7 < —n/p'(x ) is not compatible with the 

condition (14.21) of the non-triviality of the space •Mj xo \ (f2). 

Remark 4.6. We also find it convenient to give a condition for f E L 1 (Q) in the form as 
follows: 

/ ^~1/llL><0( O \iW))* < 00 /em (4.9) 

for which it suffices to refer to ( 14.41) . 

In the sequel all the operators under consideration (maximal, singular and potential opera- 
tors) will be considered on function / either satisfying the condition of the existence of the 

integral in ( 14.91) , or belonging to ^M.i x X (fi) with to satisfying the condition (14.71) . Such 
functions are therefore integrable on £l in both the cases, and consequently all the studied 
operators exist on such functions a.e. 

Note that the statements on the boundedness of the maximal, singular and potential operators 
in the "complementary" Morrey spaces known for the case of the constant exponent p , obtained 
in [fTTl . read as follows. Note that the theorems below do not assume no monotonicity type 
conditions on the functions cu,coi and lu 2 ■ 

Theorem 4.7. (7f771/, Theorem 1.4.6) Let 1 < p < 00 , i Gt" and oj\{r) and oo 2 {r) be 
positive measurable functions satisfying the condition 

< cu 2 (r) 

with c > not depending on r > . Then the operators M and T are bounded from 
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Corollary 4.8. f/1771/) Let 1 < p < oo , x G M n an J < A < n . Then the operators M 
and T are bounded in the space C £ P { XQ } (K n ) • 

Theorem 4.9. f/[77l/, Theorem 1.3.9) Let < a < n , 1 < p < oo , ± = ± - £ , x G M™ 

y p 71 

and Ui(r) , U2(r) be positive measurable functions satisfying the condition 

r a [ u^t)^- < cw 2 (r), 
Jo J 

w/?/z c > not depending on r > . 77zen ?/ze operators M a and I a are bounded from 

Corollary 4.10. (gHSl) Let < a < n , I < p < ^ , x e W 1 and \ - \ = ^ and 
h = 4 • Then the operators M a and I a are bounded from C £^. o -j.(R n ) to D C Q ^ Q y(R n ) . 

Remark 4.11. The introduction of global "complementary" Morrey-type spaces has no big 
sense, neither in case of constant exponents, nor in the case of variable exponents. In the case 
of constant exponents this was noted in 01, pp 19-20; in this case the global space defined by 
the norm 

n 

T p 

reduces to L p (£l) under the assumption (14.21) . In the case of variable exponents there happens 
the same. In general, to make it clear, note that for instance under the assumption (14.31) if we 

n 

admit that sup ||/||i P (n\B(x,r)) for two different points x = x and x = x 1 , x ^ Xx , 
this would immediately imply that / G L v( - > in a neighbourhood of both the points x an d 

Xi . 

5 The maximal operator in the spaces (Q) 



The proof of the main result of this section presented in Theorem 15.21 is based on the estimate 
given in the following preliminary theorem. 

Theorem 5.1. Let Q be bounded, p G WL(Q) satisfy the condition (13.11) and f G 

L p ('\Q\B(x ,r)) for every r G (0,f) . If the integral 



\\f\U H n\B M )dr (5.1) 

J u 

converges, then 

n J n -I 

\\Mf\U)<p\S M ) < Ct ^ / r ^ \\f\\ LP (- H n\B {xo , r)) dr (5.2) 

J 

for every t G (0, £), where C does not depend on f,t and Xq . 
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Proof. We represent / as 

f = h + /2, fi(y) = f{y)x a \B(xo,t)(y) My) = f(y)xB(x ,t)(v)- ( 5 -3) 

1°. Estimation of Mfx . This case is easier, being treated by means of Theorem l3.ll Obviously 
fx e L p (-1 (0) so that by TheoremO 

\\ M MiA-)(n\5(x ,t)) ^ ll M AILf(')(n) < C||/i|Uf(-)(n) = c \\f\\LP<.-)(u\B(x ,t))- ( 5 - 4 ) 
By the monotonicity of the norm ||/||ipO(mB(x r)) with respect to r we have 

11/11^(0(^0,*)) < Ct ~^ / r 7 ™ \\f\U H u\B M )dr (5.5) 

Jo 

and then 

n I n I 

Wh\W )( nyB (xn ^ < CHT^SS / r^SS- \\f\Uun\B (xn . r)) dr. 



<l\\LP(-)(n\B(x ,t)) - ^° " / ' " WJ \\LP(-)(n\B(x ,r)) 

J 

2°. Estimation of Mf 2 . This case needs the application of Lemma 14.31 To estimate 
Mf 2 (z) by means of (14.41) . we observe that for z E Q\B(xq, 2t) we have 



Mf 2 (z) = sup\B(z,r)\~ 1 [ \f 2 

r>0 JB(z,r) 



{y)\dy 



< sup / \y-z\ n \f(y)\dy 

r>t J B(x ,t)nB(z,r) 

<2 n \x -z\- n [ \f(y)\dy. 

JB(xn.i) 



lB(x 0> t) 

Then by <f4~4|) 

Mf 2 (z)<C\x -z\- n f s^-^n^.^s^ds. (5.6) 

Jo 

Therefore 

rt 

\\ M M\LP(-)(n\B(x n ,2t)) < C / W f W LP(-Hn\B(x n ,s)) ds \\\ X ~ A 



2|lLP(-)(n\S(x 0l 2t)) - ° / 6 IU llLP(0(n\B(x ,s))"* ^ llLP(-)(n\S(a;o,2t)) 

*/ 

/■* 

< Ct-7&* I ^" 1 ||/|| LP (.) ( n\B(. ,,) ) ^- (5-7) 



Jo 

Since ||M/|| 

LP<.-)(n\B(x ,2t)) + H^/2|lxK-)(n\B(a;o,2t))) ^ Tom < \1M 

and (15.71) we arrive at (15 21) with \\Mf\\ LP (.), Q xg, Xo 2t ^ on the left-hand side and then (15.21) 
obviously holds also for ||M/|| LP c)(a\B(x ,t)) ■ D 

The following theorem for the complementary Morrey spaces is, in a sense, a counterpart to 
Theorem [331 formulated in Section [3] for the usual Morrey spaces. 

Theorem 5.2. Let Oct" be an open bounded set, p G WL(Q) satisfy the assumption 
(13.11) and the functions u>i(t) and u 2 (t) satisfy the condition 

1 dr 

Ui{r)—<Cu> 2 (t), (5.8) 
13 



where C does not depend on t . Then the maximal operator M is bounded from the space 
M {xo} (£1) to the space M {xo} (Q) . 

Proof. For / G °A^{^} (fi) we have 

71 

\\Mf\\ c .( , wa = sup — 7 ^r||M/|| ipC . )(fix5( t)) , 

where Theorem [5TT] is applicable to the norm ||M/|| LP( .)m\B(x *)) ■ Indeed from (15.81) it follows 

that the integral J^^y^-dr converges. This implies that for f e "A^r^A the assumption 
of the convergence of the integral of type (15.11) is fulfilled by (14.81) . Then by Theorem 15. II we 
obtain 

1 / n i 

M/ n -co.-, <C sup WJ 1 f / r ^ ll/IUo ( oyW)) dr - 



Hence 



rt dr 

\\Mf\Lrt.)*» fn <C||/|L w-w /0 , sup — - / wi(r)— <C||/|L ,cw, 



"A4 



' / » — » \ — - \ \ J U , ."''"l /„ N ""■.f / ,\ I ~l V / — ■/ U . ■""'1 /rv, 



by (15.81) . which completes the proof. □ 

Corollary 5.3. Let Q c M n #e an open bounded set, xo £ Q , < X < n , X < p < n 
and let p G Vt^L(fi) satisfy the assumption (13.11) . 77zen f/ze operator M is bounded from the 

space £ {xo} (SI) to £ {xo} (ft) . 



6 Riesz potential operator in the spaces M.i x \ (Q) 

In this section we extend Theorem 14 .91 to the variable exponent setting. Note that Theorems 
I6.1l and l6\2l in the case of constant exponent p were proved in ifTTl . Theorems 1.3.2 and 1.3.9 
(see also IH,p. 112, 129). 

Theorem 6.1. Let (13.11) be fulfilled and p(-),a(-) G WL{VL) satisfy the conditions in (13.31) . 
If f is such that the integral (15.11) converges, then 

( \ n / n i 

ll' a( VlU(n\iW)) ^ CrV ^ / s7W \\f\\ LP ^n\B M) ds (6-D 

J 

for every f G L p ^(Q\B(x , t)) , where 

1 = J_ _ (6 2) 

p(x) n 
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and C does not depend on f, x and t G (0, t) . 

Proof. We represent the function / in the form / — fi + f 2 as in (15.31) so that 

+ II^MI 

Since /i G L p (')(f2) , by Theorem [3T21 we have 

£»(•)(«) cil/ll 

and then 



ll^Vill^o^o^^Cr^ / ^" 1 ||/|| LP( ., ( n\B(, , s ))^ (6-3) 



in view of (15.51) . 
To estimate 



ll^/all 



£9(0 (U\B(x ,2t)) 



\z-y\ a ^- n f(y)dy 



B(x ,t) 



Li(-)(n\B(x ,2t)) 



we observe that for z G il\B(x ,2t) and ?/ G B(x ,t) we have ||x — z| < \z — y\ < 
||xq — z| , so that 



I a(z)—n I 



£«( )(Q\_B(a;o,2t)) ' 



£9(')(n\B(a:o,2t)) 

<C y |/(y)|dy|||x -« 

B(x ,t) 

From the log-condition for a(-) it follows that 

Cl \x - z \ a{xo) - n < \x - z\ a(z) - n < c 2 \x - z \ a{xo) - n . 

Therefore, 

\\I ai - ) f2\U H n\S M) <C J \f{y)\dy \\\x G - ^|U ( ^ • (6.4) 

B{x ,t) 



The norm in the integral on the right-hand side is estimated by means of Lemma 13.41 which 
yields 

\\^h\\i*^ Q \Bto#>) < ct ~^ j \f(y)\ d y- 

B{x ,t) 

It remains to make use of (14.41) and obtain 

II^MUocn^a)) < Ct ~^ f ^^Mh^BM)^- (6-5) 

Jo 
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From (16.31) and (16.51) we arrive at (16.11) . 



□ 



Theorem 6.2. Let ft C M n be an open bounded set, x G ft and p(-),a(-) G W^L(ft) 
satisfy assumption (13.11) an J (13.31) . given by and the functions u>i(r) and a^r) 

/n//z// condition 

ft A r 

t <*(xo) / Wl ( r )_ < Cw 2 (i), (6.6) 
Jo r 

where C does not depend on t. Then the operators M a ^ and are bounded from 

M {xo} (ft) to M {x . o} (ft) . 

Proof. It suffices to prove the boundedness of the operator , since M a ^ f(x) < 
CI^\f\(x). 

Let / G iM^Cn) • We have 

n 

\U a{ ' ] f\\c {-<>} =sup^^||xo\m T rt^/llwcornv ( 6 - 7 ) 

We estimate Hxmg^ t )-f a ^/ll£9( -)(n) m ^.71 ) by means of Theorem 16.11 This theorem is 
applicable since the integral (15.11) with lu = u\ converges by (14.81) . We obtain 

n I n , 

M q( .),u 2 {") t>0 W2\t) Jo \ \ \ u> J/ 

+a(x ) ft / \ 

<C\\f\\ tt <* 0} rn ,sup— - / -Aldr. 
M p( . ):Ul (ty t>0 u 2 {t) J r 

It remains to make use of the condition (16.61) . □ 

Corollary 6.3. Let ft c M n be an open bounded set and p(-),a(-) G WL(ft) satisfy 
assumption (13.11 ) and (13.31 ), gzverc fry (16.21 ), a?o G ft and < ^(xo) ' Then the 

operators M a ^> and are bounded from C £{i } (ft) to C £r xo i (ft) . 



7 Singular integral operators in the spaces At.{ x } (£2) 

Theorems 17 . 1 1 and |7 . 21 pro ved below, in the case of the constant exponent p were proved in 
El, Theorems 1.4.2 and 1.4.6 (see also (TBI, p. 132, 135). 

Theorem 7.1. Let ft be an open bounded set, p G WL{VL) satisfy condition (13.11) and 
f G L p ^{Q\B{x ,t)) for every t G (0,f) . If the integral 

/ ^ ll/llLP(-)(C\5(x ,r)) rfr 

16 



converges, then 

r 2t 

n I n _ -i 

\\Tf\U KQ \ SM ) < Ct~^ / ||/||^.)( VB^,r))^ 

J 

where C does not depend on f , x and tE (0,£) . 

Proof. We split the function / in the form fx + / 2 as as in (15.31) and have 
\\Tf\\ 

LP(-)(fl\B(x ,2t)) < \\Tfi\\ 

LP()(fl\B(x ,2t)) + \\Th\\ 

Taking into account that fx E L p ^ , by Theorem l3~3l we have 

< \\Tfi\\ LP(-)(Q) — c\\h\\ 

LP()(n\B(x ,t))- 

Then in view of (15.51) 

\\Tfi\U Kn \B M) <Ct-7C5f / r *=5T \\f\U K n\B { x 0> r))dr. (7-1) 

./o 

To estimate ||T , / 2 |lij>c-)(ri\_B(cco,2t)) ' note mat H x o — 2 I — I 2 — 2/1 — |l x o ~ z l f° r z e 
fi\-B(x , 2t) and y E B(x , t) , so that 



\\T M\LP<.-)(Q\B(xo,2t)) - C 



k — 2/1 n f(y)dy 



B(x ,t) 



LP()(Q\B(xo,2t)) 



<C L \f(y)\dy\\\x - z\ n \\ LP( . ){n \B(x <h 2t)y 

JB(x ,t) 

Therefore, with the aid of the estimate (13.41) and inequality (14.41) . we get 

\\Th\\LP(-Kn\B(x .2t))<Ct~^ / S ?W ||/|U)(n\B(* , S ))^ 

Jo 

which together with (17711) yields (17TT) . □ 

Theorem 7.2. Lef C R n be an open bounded set, x E f2 , G satisfy 
condition (|3.1I) an J (Ji (t) and co>2 (*) ./wZ/z/Z condition (15.81) . TTzen f/ze singular integral operator 

T is bounded from the space B JA P jjA (fi) to the space ^^^(fi) . 

Proof. Let / G I VwL.^ a;i (fi) . We follow the procedure already used in the proof of 
Theorems 15.21 and \6.2[ in the norm 

n 

l|T/l1 c <r^) = S? l|T/x n\^o,t)H^-)(n)» ( 7 - 2 ) 

we estimate H^/x^s^o i) ||if( )(f2) by means of Theorem 17711 and obtain 

f 



1 f l dr 
<C\\f\\ c w sup— - / Wi(r)-<C||/|| c w 
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□ 



Corollary 7.3. Let ficR" be an open bounded set, p e WL(VL) satisfy the assumption 
(13.11) . xq G Q and < A < n , A < /i < n . Then the singular integral operator T is 

bounded from ^^LA (fi) to ^/^^(fi) . 
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